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Absbsct An introduction to a qsuperspace formulation is performed, leading to deformed 
superfields. The corresponding free and interacting Lagrangians (Hamiltonians) are mn- 
structed in the classical as well as quantum contents. In particular, a q-deformation of the 
supersymmetric Witten Hamiltonian is derived. 

1. Introduction 

Supersymmetric quantum mechanical systems are characterized by the existence of N 
supercharges, each of them being the square root of the corresponding Hamiltonian. 
They have been intensively studied in the Iecent literature (111 and references therein), 
specific attention having been paid to the case N=2. In particular, their relationship 
with supersymmetric field theory [2] has been exploited by constructing supersymmetric 
Lagrangians through the superfield method. Indeed, it is well known that, from real 
superfields [3] and by making use of the superspace formulation [4], one can consider 
a supersymmetric Lagrangian leading to the N=Zsupersymmetric Witten model [5], 
i.e. to the usual supersymmetric quantum mechanics. 

Moreover, for the pastfew years, another generalization of quantum mechanics has 
been proposed. This extension, based on quasi-triangular Hopf algebras [6] is referred 
to as the so-called quantum deformation and, together with its generalization to field 
theory, has found many applications in physics [7] (conformal field theories, integrable 
systems, etc). In this spirit, a deformation of Grassmann variables has been recently 
pointed out [SI, when the deformation parameter q has been restricted to the roots of 
unity. We plan here to exploit and adapt this proposal in order to combme these two 
above-mentioned extensions of quantum mechanics and construct a deformation of the 
N =  2-supersymmetric Witten Hamiltonian. 

The contents of this paper are then arranged as follows. In section 2, we give 
an outlook of a deformed superspace formulation and construct the corresponding 
generalized superfields. We then propose a free deformed supersymmetric Lagrangian, 
in the classical as well as quantum contexts (sections 3;l and 3.2, respectively). Section 
4 is devoted to the extension of this Lagrangian to 'the interacting case. We conclude 
in section 5 with some comments. Our conventions consist in putting R =  1 and m= 1. 
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2. A q-superspace formulation 

As already mentioned by Ffippov et a1 [SI, Grassmann variables can be extended to 
the q-context by imposing 

e;=o i f ~ = I  k > 2  (2.1) 

e,ej= qejei i<j i.j=1,2 ,..., N (2.2) 

and 

where k and N are positive integers. Let us restrict ourselves to the values N = 2  and 
k= 3 and let us choose the corresponding Grassmann variables to be real ones, this 
last option being compatible with (2.2). Let us also introduce real derivatives with 
respect to these Grassmann quantities. They satisfy 

a;,=o ae,ae,=qae,&, i< j  (2.3) 

&,ej= qe,&,+iq1/26ij (2.4) 

and 

in agreement with the reality conditions. We then propose the following q-deformed 
covariant derivatives 

D ~ =  a,+ieja, j =  I, 2 (2.5) 

D: = ia, (2.6) 

such that 

with 

a,ei = @e?a,- iq-1/ze,6,.. (2.7) 
Notice that the derivatives (2.3, although dSering from previously defined ones 

([S, 9]), lead to the same particular consequence, i.e. a dimension L1I3 associated witb 
the deformed Grassmann quantities ej. 

We can also define some new specsc q-deformed superfields such as 
cJ=x(r)+q-1/2e,vl(t) +q-1/2e2YZ(f)+q-1/2e:Al(t)+q-1/Ze:~z(~) 

+ e , e 2 ~ ( ~ ) + ~ e : e Z ~ l ( r ) + ~ Z e : e 1 ~ z ( ~ ) +  e:e:F(r). (2.8) 
It is easy to convince ourselves that such a particular field is a real one through the 
conventions (no summation on repeated indices) 

e,vj=qvjej eZvl =qv le2  vZe1 = qelv2 (2.9a) 

A,ej=qejAj ~ , e ~ = q e ~  eIAa=qAzeI (2.9b) 

Be1 = e1B Be2=qeZB (2.9~) 

xjel = elxj xI e2 = qe2xI xZe2= qe2x2 (2.9d) 

Fe, = e1F qFe, = e2F (2.9e) 

while the spatial variable x(t) commutes with the q-Grassmann quantity 0, and is such 
that x& = q&x. The nine real fields can be classed into three sets : the 0-sector (x, x j ) .  
the I-sector (B, Ai) and the 2-sector (F, yj), leading to a &graduation [lo]. 
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3. A free q-deformed supersymmetric Lagrangian and the corresponding Hamiltonian 

Let us now propose specific free q-deformed supersymmetric Lagrangians in the classical 
as well as quantum contexts (sections 3.1 and 3.2, respectively). 

3.1. The classical case 

Let us define the free q-supersymmetric Lagrangian by analogy with the undeformed 
case [3] (corresponding to q =  1) through 

za=Wq)(D@ ) (D@ 1 (3.1) 

D=(Di - i D z ) / $  6=(Dl+iD2)/$.  (3.2) 

where 

The function W(q) is present in this context in order to ensure the self-adjointness 
of the forthcoming Lagrangian. A key point is also to notice that the only significant 
terms are those multiplied by e:&, a direct extension of the supersymmetric case [3] 
which points out the terms in B1 0 2 ,  as can be ve&ed through integration on Grassmann 
variables [4] or via the so-called projection technique [I I]. An integration with respect 
to q-Grassmann quantities having not been clearly defined, we choose here to adapt 
the projection technique by noticing that 

2 - 2  2 2 D D B1 e2R(t)l = = - iqR(t) 

whatever the field R(t) is. 
Thus, by defining 

C(q) = -&m) 

(3.3) 

(3.4) 

and by using the relations (2.1)-(2.4), (2.7) and (2.9), we are led to the following free 
Lagrangian 

L O = D ~ ~ ~ ~ P ~ I ~ , = ~ ~ = O = L O ( ~ ,  yj, P,,Aj,Aj, B,xj ,F)  
=;c(q)[-2q-l%xl -2q-'/2kx2-qx:-qx2+lq 2 . 1/2 YlA1 
- iq3/2AI y l ,  + iq-1/zA2yz- iq-1/2p2A2-iq-1/2A IYI . 
+ iq-'/*plAl - iq1/2p2A2 + iq3/2~zp2].  (3.5) 

We have imposed that 

b"iA~=-qA21~1 v2Al=-AIy2 (3.6~) 

By2= - EB BVI = - q ~ i B  (3.66) 

A I F =  -qFAi FAz=-qAzF. (3. 

One can make sure that the algebra (3.6) (together with the following (4.5)) is ass# 
ative by noticing that, for example, we have 

(~1y2)B= y i ( ~ B ) = q B ~ z y l  
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It is also easy through (3.6) to convince ourselves that LO will be self-adjoint iff 

c(q) = aq2 +$(I- q) (3.7) 

A simple look at the Lagrangan (3.5) shows that there are four auxiliary fields 
a and p being real numbers. 

(B, F, x j ) .  Two of them simply vanish 

B=F=O (3.8) 

while the other two, by satisfying the Euler-Lagrange equations dLo/aXj=O, lead to 

( 3 . 9 4  

(3.96) 

Through these two results (3.9) and in accordance with some previously studied vaxia- 
tions [lo], we can thus propose the q-deformed free Hamiltonian of the form 

=fC(q)(2q)i2. (3.10) 

With the particular choice (see (3.7)) 

2 p = 0  

this operator (3.10) reduces to 

(3.11) 

as expected. 

3.2. The quantum case 

With the specific context $= 1, it is straightforward to see that the deformed bracket 
[3] = 0 if, for example, we adopt the Macfarlane definition [ 121 

(3.13) 

This implies that the corresponding Fock space is generated by only three basis states 
(In), n=O, 1,2) due to the nilpotency ofthe q-bosonic creation and annihilation opera- 
tors [lo]. The latter are characterized by 

aId=Js;;jln- 1) a’ln) = [n+ 1]”~1n + I ). (3.14) 

Moreover, it is well known [13] that, in this case, i.e. when q is root of unity, both 
operators x and p can be simultaneous self-adjoint ones. This possibility is expressed 
through 

px - qxp = -i&. (3.15) 
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One can thus identify, as usual, p with the following linear combination 

p = i J t  (at- a) 

and obtain 

p31n) =O. 
Notice that, in accordance with (3.15) and x'=x, we obtain here 

(3.16) 

where Nln)=nln) .  
The result (3.16) combined with the Heisenberg scheme gives rise to 

Zq3/' 

1 + q  
,? = i[ Ho , x ]  = - p + 2i($ - l)xp2 (3.17) 

and to the corresponding Hamiltonian (see (3.12)) 

2q 2 Ho=- 
( l+q)ZP 

(3.18) 

We recover in these two operators previously published results from the Aref'eva- 
Volovich~paper 1131 in connection with the description of a quantum-free particle on 
the quantumline. Moreover, both operators (3.17) and (3.18) coincides with well known 
results when q + l ~  and, for the two other roots of unity, lead to 

.?.,=(TI +i,/7)(p-$xp2) (3.19) 

and 

Ho =2p2. (3.20) 

4. An interacting q-deformed supersymmetric Lagrangian and the 
corresponding Hamiltonian 

Let us fist  concentrate once again on the classical context. The supersymmetric Witten 
model is based on the adding of an interacting term W(@) to the kinetic part, W(x)  
(see (4.2)) referring to the so-called superpotential. Let us propose in the q-deformed 
context analogous supplementary terms but by taking into account the different dimen- 
sions of Grassmann quantities and the associated covariant derivatives, when q= 1 or 
q # l .  We thus define the new Lagrangian through 

~ = L z ~  + m q ) e ,  w , ~ )  + (4.1) 

where we have introduced fwo superpotentials since there is no (a priori) reaso 
privilege 0, instead of BZ or vice versa. In parallelism with the free case, the funct 
Bdl(q) and g2(q) ensure the self-adjointness of 9. These two interacting terms 
developed following Taylor's formula to obtain 

%(a)= % ( x ) + h W ; ( x ) + ~ h Z W ~ ( x ) + .  . . j = l , 2  ( 



(4.7a) 

(4.7b) 

Together with (3.1 I), the correspondmg Hamiltonian takes the form 

+ ;di(q)(q - 1) v1A2 W!‘(X) + $&(d(~’- 1)Ai y/z W x ) .  (4.8) 

ddq)  = a 1 + ipdq - s’) d2(q)=a2q+iP2(1-$) (4.9) 

The self-adjointness condition on H holds if 

aj, pj ( j =  1,2) being real numbers. The information (4.8) is also completed by 

P ( q )  =2q. (4.10) 

Let us now go to quantization. Besides the result (3.18), we notice that the relations 

v ; = ~ f = ~ ; = ~ .  (4.1 1) 

(3.6) are compatible with 
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However, if we choose &(q) = 0, we can identify A ,  and y2 with the Pauli matrices uI 
and u2, respectively (see (3.6n), and (4.11) becoming simply A:= &=I).  In this case, 
the quantized version of the operator (4.8) reduces to 

(4.12) 

or, with (4.9) and (4.10), to 

i 
2 

+- (a2(l -4) - 3ip2( 1 +q))oSW;(x). 

Let us fix a2 and p2 such that H goes to the Witten Hamiltonian 
leads to 

a2=$ p 2 = i .  
The q-supersymmetric Witten Hamiltonian is finally given in the form 

i 2 2  (l 8 
1 + - - (1 + q) +- (1 - q) Q3 W,.(x). 

- (4.13) 

en q-1. This 

(4.14) 

(4.15) 

5. Comments 

We have thus constructed a q-deformed version of the supersymmetric Witten Hamil- 
tonian, by making use of a q-superspace formulation when q3 = 1. In this way, our 
approach essentially differs from a previous analysis [14] (purely quantum and based 
on real q) of the problem and takes into account specific features of self-adjointness of 
both operators x and p ,  in contrast to the former one. However, we have to mention 
that our point of view is not unique due to different possible choices concerning the 
relations (2.9), for example. Let us also add, in the same spirit, that one could generalize 
the quantization of (3.12) by asking for q in (3.15) not to be necessarily the same one 
as in (2.1). 

Let us finally notice that our developments are relevant to a fractional (M=3, F= 
3) superspace [I51 as is clear from (2.1) and the dimension of the deformed Grassmann 
quantities. One can also be convinced of such a fact by noticing that the Lagrangians 
(3.1) and (4.1) are invariant under the q-supersymmetric transformations 

(5.ln) 

(5.lb) 

(5.1~) 

compatible with the reality requirements if 

BIEI  = 4E181 82~2=q~282 81 E2 = q€28, 82.51 =q2E1e2 (5.2) 
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and 

&,&2=qEZE,. (5.3) 
The transformations lead to 

#' =# + iq&lQl#+iqezQz# + .$e?#+ dQ%- q&l&zQIQzQ, 

+$&:eZQ?Q& +i&@QlQ+ $.$&Q:Q:# (5.4) 

Q,= a,-ie;a, j =  1,2. (5.5) 

where 

One should not be surprised about the coefficients in (5.4), coming from a deformation 
[ 1 q  of the Baker-Campbell-HausdorE formula, in order to keep self-adjointness. We 
then find the relations 

Q: Q: -H [H, Qil=[H, Qz]=O QiQz=qQzQi 
typical of a fractional superspace. 

Let us conclude with possible extensions of the present work. It is indeed natural 
to wonder what the possible spectra subtended by (4.15) are, if there is a double 
degeneracy as in the usual supersymmetric quantum mechanics, what the eigenfunctions 
of (4.15) are (q-Hennite polynomials). etc. We plan to come back to these questions. 
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